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Throughout this paper, all spaces will be assumed to have the homotopy-type of a countable, 1-connected complex. All spaces will be assumed to have base points, which will be respected by maps and homotopies. For convenience, we shall omit the base points from the notation.
1. In this section, I collect together several theorems on ii-spaces. As a starting point, we recall the following theorem, which may be found along with the basic definitions in [3] . Theorem 1.1. Let X and X' be spaces andf: X-+X' be a map. Suppose that X and X' have Postnikov systems {Xn, Pn, irn.n-i} and {X'n, P'n, ir'","-i}. Then, there is a family of maps Furthermore, if k"+2 G H"+2(Xn; Tn+i(X)) and k'"+2 G ff»+2(X"' ; x"+1fX')) are k-invariants for these Postnikov systems, we have
where ff is the coefficient homomorphism induced by /V:7rn+1(X)->,rn+1(X').
We refer to the maps/" as maps "induced from/." The maps/" are well-defined, up to homotopy, as is made precise in the following theorem. Theorem 1.2. Let {Xn, Pn, Trn,n-i} and {X'n, P", ir","-x} be Postnikov systems for X and X' ; let f and g be maps from X to X'. Let /" and gn be the maps induced from f and g. Iff^g, then /"~gn, all n.
Proof. We have two homotopy commutative diagrams
By taking a complex of the homotopy-type of Xn and forming the fibre space over this complex which is induced from P": X->X", we may replace Xn by a complex (same notation). Let i: X^""1"1'->X be a cross section over the (« + l)-skeleton. We have
Thus,/" and g" are homotopic, when restricted to the (« + 1)-skeleton.
We would like to extend this homotopy to all of X". As 7r<(X"' ) = 0, i>n, this is clearly possible. Now, let X be an i?-space, with multiplication map p: XXX->X, so that p-ip=ild, j=l, 2, where if. X-»XXX is the inclusion as first or second factor. Corollary 1.1. If X is an H-space, and {X", P",7r","_i} is a Postnikov system for X, then each Xn is an H-space.
Proof. By the above theorem, we see that there is a map pn'-X" XX"-rX" such that p"-ij~Id (because p-ij~Id).
This corollary was proved in [3] and was also known to Hilton, Ganea, and others. In what is to follow, we shall need a characterization of if-spaces in terms of homotopy groups and ¿-invariants. Suppose that {Xn, Pn; 7r","_i} is a Postnikov system, and the space Xn, for some n, is an ü-space. We say that kn+2EH"+2(Xn, x"+i(Z)) is primitive, if o-p*(k"+i) =0, where pn is the multiplication on Xn and <r is the projection onto the second factor in the decomposition H"+2(XnXXn-,Tn+l(X)) = H"+2(Xn V Xn', *»+l(X)) 8 H"+2(Xn X Xn, X" V Xn\ X"+i(X)). for X are primitive with respect to the (inductively constructed) H-space structures on the {X"}, then X is an H-space.
Proof, (a) is proved in §3 of [3] . (b) is proved in [3] , in the case when X has only finitely-many nonvanishing homotopy groups. The proof, in the general case, is obtained by passing to the semi-simplicial case (taking singular complexes), and observing that in that case, X is of the homotopy-type of the projective limit of the Xn. As each X" is an ii-space and all the maps 7r",n_i respect the multiplications (i.e., are if-maps), we see that a complex, which is equivalent to X, admits a multiplication.
As X is assumed to have the homotopy-type of a countable complex, the realization of the multiplication gives the desired iî-space structure. Therefore, in the above decomposition of the jth homology group as a tensor product, in order that say the first factor be nonzero, it must have dimension m, and then the second factor will be zero. Part (b) follows immediately from Corollary 1.1 and Corollary 1.2.
We will now show that if m> 1, m7£3, 7, then k2m in a Postnikov decomposition of Sm is not primitive. Actually, the following stronger theorem holds. If m>7, then X is not an H-space. In fact, if {X", P", x",B_i} is a Postnikov decomposition for X, X2m-i is not an H-space.
Proof. We first show that if A^-i were an ü-space, then it would be a space of loops. We make use of the well-known fact that if a fibre space, with fibre an Eilenberg-MacLane space, and base a space of loops, is such that the ¿-invariant (image of the fundamental class under transgression) is an image under suspension in the loop space, then the fibre space is itself a space of loops.
If X2m-i were an ü-space, then by Theorem 3.1 all the ¿-invariants, ¿', m + 2^i^2m, would be primitive. If on each successive term, Xm+i, l^i^m-l, the multiplication was, up to homotopy, the same as the multiplication as a loop space, then the conclusion that X2m-i is a space of loops will follow by induction. 2 Hence, we show that at each stage, Xm+i, 1 ^i^tn-1, there is a unique such multiplication on Xm+i, up to homotopy. First note that the multiplication is unique on the w-skeleton, because it is multiplicatively of the same w-type as an Eilenberg-MacLane space, which has a unique multiplication. Now, observe that any obstruction to deforming one multiplication into another must lie in H'(Xm+i X Xm+i', Tj(Xm+i)).
If j>m+i, then the coefficients are zero. On the other hand, it is easy to see that H ¡(Xm+i X Xm+i; Z2) = 0, «<iá»T« and Hm(Xm+iXXm+i; Z) is free. Thus,
is zero in all dimensions greater than m. Hence, we may construct the desired deformation of one multiplication into the other. We have shown that X2n-i is a space of loops, assuming that it was an ü-space. That means that there is a contractible fibre space (E, X2m-i, B), with X2m-i as fibre. In the Serre spectral sequence [5] of this fibre space, with Z2 coefficients, one has the element u®x EE2n+1,m, which is the tensor product of the (mod 2) fundamental classes in the base and fibre. Since it is clear that Hi(X2m-i', Z2) =0, m<i^2m, we see that in order for w®x not to remain until Ex, we must have wVO in the base. Note thatü'CB; Z2) = 0, m + l<j<2m
+2. According to Adams [l ] , such a cohomology ring is impossible, if w + l>8. Hence, AT2m_i could not have been an ii-space.
All ¿-invariants in this range must necessarily be suspensions.
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Returning to Sm, m>7, the above shows that in any Postnikov decomposition, k2m is not a primitive element in H2m(X2m-2; ir2m-i(Sm)), with respect to the unique iî-space structure on X2m_2. It would be of interest, of course, to determine k2m exactly. However, as ir2m_i(5m) is unknown in general, this is at present impossible. We can obtain some information, when the coefficients are in Z2. For other values of m^3, 7, such elements may be constructed using the Adem relations. In either case, the method consists of constructing a nonprimitive element in what is sort of a universal example. In the dimension range which we need, an element is nonprimitive, if it is not a suspension.
Remark. If it were possible to define multiplications on the terms X,-, i^2m-1, in a decomposition of a sphere, the corresponding kinvariants would also be forced to be primitive by the cohomology of the sphere. Thus, in some sense, the question of whether a sphere can be an ii-space is decided by the element k2m. Such a space is a sort of generalization of a sphere. It is not the case that such a space exists for any ir and m. II ir = Q = rational numbers, it has long been known that such a space cannot exist. (See, for example [2] .) I now will give some direct applications of the preceding results to these spaces. For simplicity, we shall only consider the crude cases, that is we shall prove certain theorems about the nonvanishing of homotopy groups. A more refined approach might be used to discuss the orders of certain elements. [April Theorem 3.1. Let ir be a nontrivial, countable, torsion-free Abelian group, for which there exists a space X = L(tt, m). Then X is (m -l)-connected and irm(X) is nonzero. If X is not an H-space, then 7r2m_i(X) is nonzero, (ira other words, if, for such a space, w2m-iiX) = 0, then X is an H-space.)
Proof. Since x is torsion-free, the first part of the theorem follows from the Hurewicz theorem and the universal coefficient theorem.
Suppose X is not an ü-space. If in a Postnikov system {Xn, pn, T^n.n-i} for X, the space X2n-i were an ü-space, then, as remarked above, all the higher ¿-invariants would be forced to be primitive by the simple cohomology of X. This would make X an ü-space, so that X2m-i cannot be an ü-space, and ¿2m must be nonprimitive with respect to some multiplications on X2m_2. In particular, k2m is nonzero, and 7r2ro_i(X)Fi0.
Remark. Using results of J. P. Meyer [4] , one can show even more; there is a nontrivial Whitehead product lying in dimension 2re -1. This generalizes the well-known result that if Sn is not an ü-space, [ in, in]9*0, where in is a generator of 7r"(5n).
We will now prove an extension of the previous theorem to the case where w is an arbitrary countable group for which there exists a space L(x, ra). is nonzero. Now the group Hr(X"+j; K) will be nonzero, for any K, only if r = re, re -1 or r>n+j. Hence, the group (*) can be nonzero,
